ABSTRACT: This paper presents the electrothermal simulation of integrated thin film resistors. Both the thermal and electrical problem is tackled by a semi-analytical method, without the need of generating an equivalent distributed network. As the electrical conductivity is temperature dependent, self-heating of the resistor will alterate the current distribution, leading to a non-uniform power dissipation. This then provokes a change of the temperature distribution, explaining the electrothermal coupling. Examples are given for various practical resistor designs. After a few iterations stable values for the electrical and thermal resistance and temperature and power distributions are obtained. The results show that even if one would anticipate the self-heating process based on an estimated average temperature, the behaviour will still deviate from the original design. This is caused entirely by the non-uniformity of the distributions inside the component.
INTRODUCTION
It is well known that many electrical material properties depend on the temperature, especially in semiconductors. Therefore the electrical characteristics of common devices such as diodes and transistors are temperature dependent as well. Heating of a component, either self-induced or caused by surrounding devices and environmental conditions, will change its electric behaviour. The alteration of the voltage and/or current gives rise to a modified power dissipation, which finally influences the temperature. Hence the electrical and thermal behaviour of the devices are coupled in a tight and rather complex way. In integrated circuits (ICs), these couplings are very likely to occur since a large number of heat-dissipating elements are placed on a small area. Other authors earlier published a PSPICE/TULSOFT based simulator for electrothermal analysis of various IC designs [1] . In contrast however to this and other works in the literature considering an entire circuit, we will focus on only one single component, namely a resistor. In such a case the electrothermal coupling arises from the temperature dependence of the electrical conductivity σ. This leads to a non-uniform current and power dissipation distribution. The considered configuration is shown in Fig. 1 .
Figure 1. Resistor integrated on rear-cooled substrate
A resistor is made of a thin film with thickness t r . A voltage V in is applied between electrodes making contact in two edges of the material film. The resistor is integrated on top of a substrate with thickness t s . The bottom of the substrate is kept at a constant temperature T ambient , while we assume the upper surface as adiabatic (thermally isolated). Without affecting the generality, T ambient can be chosen as zero, thus all following temperatures denote values relative to ambient. In the following we will present a method for solving the electrical and thermal problem for the layout sketched in Fig. 1 . Electrothermal analysis can then be performed by alternate application of the two solvers. Convergence is obtained after no more than five iterations, as illustrated by two practical resistor designs. Finally a thermal runaway phenomenon is demonstrated.
SOLUTION PROCEDURES Electrical Solver
First of all, variations along the thickness of the material film (z-direction) will be neglected for both electrical and thermal distributions. This is reasonable as long as the lateral dimensions (x-and y-directions) are relatively large compared to t r . Due to this assumption all relevant quantities are two-dimensional, e.g. for the voltage we have φ(x, y). The electric field (in V/m) is then given by:
The resistor material is characterized by an electrical conductivity σ(x, y) (in Ω −1 m −1 ). Note that σ should be seen as x and y dependent, since it is influenced by the (non-uniform) temperature field (see the section on the thermal solver). The conductivity relates the electric field to the current density J (in A/m 2 ):
As we are limiting ourselves to steady state situations, the continuity equation simplifies to:
Using (1) and (2) we finally have:
In case of a uniform conductivity the Laplace equation ∇ 2 φ = 0 is obtained, as expected. Eq. (4) is a partial differential equation (PDE) for the voltage distribution inside the resistor. The boundary conditions are as follows:
• φ(x, y) = V in at the positive electrode,
• φ(x, y) = 0 at the negative electrode, and
• ∂φ ∂n = 0 along all other edges, where n is an outward pointing unit vector perpendicular to the segment.
A solution for φ can be obtained relatively easily with a numerical technique, e.g. using Matlab's PDEtool functions. The algorithms are based on a finite element method. The resistor layout is split into a mesh of triangles. After specifying the boundary conditions, and σ for each triangle, the voltage in each node is calculated. We can now determine the volumetric power density
and hence, combining (1) and (2):
The equivalent surface power density P (in W/m 2 ) dissipated in the thin film is then immediately found by simply multiplying P V with the resistor thickness t r . This information is then passed to the thermal solver in order to calculate the temperature distribution, as explained below.
Thermal Solver
The substrate material is characterized by a thermal conductivity k (in W/mK). To keep things manageable, we will at first neglect the temperature dependence of k. A full analysis requires an equation of the form (4) to be solved in the three-dimensional substrate volume. This approach would be very complicated and time consuming and will therefore not be used here. The temperature dependence may however be taken into account with an approximative perturbation of the temperature solution, as explained further. Under the circumstances of a constant thermal conductivity the temperature distribution in the substrate satisfies:
On the substrate top surface the resistor is dissipating power, with a density P (x, y) as just obtained from the electrical simulation. Due to the assumption of k being constant, the resulting temperature distribution can be calculated semi-analytically. The method is based on the Green's function for the semi-infinite 3-D space:
with r = (∆x) 2 + (∆y) 2 + (∆z) 2 the distance between the field point (x, y, z) and source point (x , y , z ). As the Green's function is the fundamental solution of the heat equation , i.e. for a point source with unit power δ(x, y), the temperature for a distributed source can be found by superposition. In the denominator of G a factor 2 instead of 4 occurs, due to the adiabatic boundary condition on top of the substrate. Note that (8) applies for a semi-infinite space, in other words it corresponds with t s → ∞. A bottom-cooled substrate with a finite thickness can be analyzed using the multiple reflection technique. As we only need the temperature inside the heat source (hence ∆z = 0), the following extended Green's function can be used:
in which
Application of the superposition principle finally leads us to:
(11) Numerical evaluation of this integral in each element of the mesh produces the temperature distribution in the resistor. With this information, new values for the electrical conductivity can be determined if the relation σ(T ) is known. For many materials, the temperature dependence can be linearized with good accuracy in a temperature range around a reference temperature T ref (usually 300 K). The following form applies:
in which α is the so called temperature coefficient (in
Values for σ ref and α are tabulated and can be found e.g. in [2] . Note that for most metals α is about 0.006 or smaller, however in semiconductors it can be negative and one or several orders of magnitude larger. The σ(x, y) distribution obtained from (12) functions as input variable for the electrical solver (see previous section). One may account for the temperature dependence of the thermal conductivity k(T ) in the following, highly approximative way. From the obtained T (x, y) distribution we determine the average source temperature T avg . Note this temperature is also useful for calculating the thermal resistance R th = Tavg Ptot , with
the total power dissipated in the resistor. The average temperature in the relevant substrate volume may now be roughly estimated as:
Remind that T sub is a temperature relative to T ambient = T ref .
Let us now define a perturbation factor P F :
where k can be seen as the average, 'effective' thermal conductivity of the substrate. Since the Green's function is inversely proportional to k, the modified temperature field is immediately given by
T * instead of T is then used to calculate the σ distribution.
PRACTICAL EXAMPLES Simple Rectangular Resistor
Setup and parameters A resistor of 1 kΩ to be used in an opamp circuit will be subject to a voltage drop of 15 V. In other words, it is assumed to dissipate 225 mW. The circuit is integrated on a silicon substrate with thickness t s = 300 µm. The resistor will be implemented as a n-type silicon layer with thickness t r = 1 µm and a doping concentration of N D = 10 17 cm −3 . The electrical conductivity of the layer satisfies:
with q = 1.6 × 10 −19 C the elementary charge and µ n the electron mobility (in cm 2 /Vs). The temperature dependence of the latter is given by the following empirical fit [3] : 
As explained before, the thermal solver uses this perturbation factor to approximately correct the temperatures with respect to the modified thermal conductivity.
Results
The resistor was divided into 68608 triangles for the electrothermal analysis (Fig. 3) . The relevant characteristics for the first five iteration stages are summarized in Tables 1 (electrical resistance, power dissipation) and 2 (thermal resistance, temperature range, effective thermal conductivity). The characteristics hardly change during the fifth iteration, hence convergence is reached. Due to the self-heating the element acts as a resistor of 1.115 kΩ, an increase of 11.5% compared to the original design. The resistor now dissipates 202 mW and operates at 26.8 degrees on average 
This deviates 14 Ω (1.3%) from the correct value, an error which must completely attributed to the non-uniform temperature and power dissipation. The final distributions for the current density, power dissipation and temperature are shown in Fig. 4 . These images can be understood fairly easily. The highest temperatures are found in the middle while zones closer to the edges are cooler (Fig. 4c) . This leads to poorer electrical conductivity in the center of the resistor, explaining the higher current density along the sides (Fig. 4a) . At the sides, the combination of a smaller local resistance and larger current density gives rise to peak values of the power dissipation (Fig. 4b) .
Serpentine Resistor
Setup and parameters A resistor of 4 Ω for an audio amplifier is used to deliver a 2.5 W signal to the output (voltage drop of 3.2 V). We will use an aluminium strip (σ ref = 3.77×10
7 Ω −1 m −1 , α = 0.00429) for the implementation, with a thickness of 1 µm (R = 26.5 mΩ/square). As in the previous example the resistor is integrated on a 300 µm silicon substrate, for which (21) will be used again. As the resistance per square is very small, a narrow and long line will be needed (high aspect ratio). A 'serpentine' design as shown in Fig. 5 is proposed, keeping the resistor compact and saving silicon area. 
Results
A mesh with a total of 25984 triangles was generated for the electrothermal analysis of the resistor. Iteration results for the main electrical and thermal characteristics can be found in Table 3 and 4 respectively. Again the values are nearly stable after five iterations. The electrical resistance is now 5.074 Ω, a 26% increase compared to the original design. The resistor dissipates 2.011 W at 60.6 degrees on average above ambient. A simulation with constant thermal conductivity resulted in R el = 4.991 Ω and T avg = 55.69 K. So also here the thermal perturbation method is not necessary to obtain a good estimation for the electrical resistance: the deviation from 5.074 Ω is only 1.6%. One could, as explained earlier, try to anticipate the self-heating. The estimation with T avg = 78.1 K results in R el ≈ 5.368 Ω, being 5.8% larger than the correct value. Let us now focus on the distributions for the current and power densities and the temperature. Fig. 6 shows the calculation results. From Fig. 6a it is clear that in the bends the majority of the current 'cuts the corner'. The outer parts are hardly used and become 'dead' zones. This is a well known phenomenon: a rule of thumb suggests counting the bends only as half a square when designing a serpentine-like resistor. Such a current flow will generate peak values for the power dissipation in a small region near the inner corners, as seen in Fig. 6b . The power distribution is reproduced in Fig. 6c with a different color scale, in order to clarify the moderate values throughout the rest of the resistor. Finally one sees the largest heating takes place in the central part of the resistor (Fig. 6d) . This should not be a surprise. The power dissipation is nearly uniform, and the middle part has the largest amount of surrounding heat sources, moreover at relatively small distance. Therefore the temperature is highest in the middle and decreases gradually towards the outer regions.
Thermal Runaway Background
For the last example we will investigate a resistor made of material with a negative temperature coefficent. Note that this may occur in intrinsic semiconductor materials, or in devices where the electrical energy is transported by the minority carriers. When α < 0, the local resistance decreases in hot areas. As a consequence the current will tend to concentrate there, leading to a higher power dissipation and probably a further increase of the temperature. Occurance of such a so called thermal runaway depends on the magnitude of the positive feedback. For moderate magnitudes the current gathering and high power dissipation will be restricted to a relatively small area. This tempers the overall temperature increase, explaining the existance of situations which are still stable. When strong feedback occurs the peak temperatures may damage or even entirely destroy the component, commonly known as a thermal breakdown.
Results
We will illustrate the thermal breakdown mechanism by means of the rectangular resistor design of Fig. 2 . First we analyzed α = −0.004. After 8 iterations the following convergent (i.e. the situation is stable) characteristics were obtained: R el = 859 Ω, P tot = 262 mW, T avg = 35.5 K, R th = 134.4 K/W and k ef f = 150.4 W/mK. The distributions were very similar to those shown in Fig. 4 for the 'positive' material. Various simulations indicated that the resistor stays stable for a temperature coefficient up to -0.0075. For α = −0.008 the convergence was lost: after 22 iterations a negative electrical resistance was detected. In practice this means the electrical conductivity has passed through infinity -see (12) -which would destroy the component. We would like to stress that from these observations strictly speaking only a numerical instability can be concluded. This does not yet prove that the underlying physical process being modelled is actually unstable. Transient simulations, which are currently in development, could clarify this situation. In Fig. 7 the distributions for power dissipation and temperature are presented for three different iteration stages. The formation of a central highly conducting channel is clearly visible. The upcoming breakdown phenomenon is also detectable by the sudden change of various characteristics near the 22nd iteration, as can be seen in Fig. 8 . 
CONCLUSIONS
We have presented a method for electrothermal analysis of integrated thin-film resistors. The technique consists of the alternating semi-analytical calculation of the electrical and thermal fields. Hereby we did not turn to the circuit or system level but focused on the device itself. With the proposed method we were able to analyze the electrothermal coupling arising from the self-heating process. Application of the simulator to practical resistor designs produced convergent characteristics after 5 to 10 iterations. The results show the resistor behaviour is clearly different from the original design. Finally we have also investigated a non-stable material to illustrate a thermal runaway and breakdown phenomenon.
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